The Caccetta-Häggkvist conjecture implies that for every integer k ≥ 1, if G is a bipartite digraph, with n vertices in each part, and every vertex has out-degree more than n/(k + 1), then G has a directed cycle of length at most 2k. If true this is best possible, and we prove this for k = 1, 2, 3, 4, 6 and all k ≥ 224, 539.
Introduction
The Caccetta-Häggkvist conjecture [1] states:
1.1 Conjecture: For every integer k ≥ 1, and all n > 0, every n-vertex digraph in which every vertex has out-degree at least n/k has girth at most k.
(Digraphs in this paper are finite, and without loops or parallel edges; thus, there may be an edge uv and another edge vu, but not two edges uv. A digraph has girth ≤ k if it has a directed cycle of length at most k.) This is vacuous for k = 1 and trivial for k = 2; but for k ≥ 3 it remains open, and indeed for k = 3 it is one of the most well-known open questions in graph theory. There are numerous partial results (see [6] for a survey).
In this paper we study an analogue of 1.1 for bipartite digraphs. (A digraph is bipartite if the graph underlying it is bipartite, and a bipartition of a digraph means a bipartition of this graph.) If we take disjoint sets V 1 , . . . , V 2k+2 , each of cardinality t for some fixed t > 0, and make a digraph with vertex set V 1 ∪ · · · ∪ V 2k+2 , by making every vertex in V i adjacent from every vertex in V i−1 , for 1 ≤ i ≤ 2k + 2 (where V 0 means V 2k+2 ), we obtain a digraph with a bipartition into parts both of cardinality (k + 1)t (= n say), in which every vertex has out-degree n/(k + 1), and with no directed cycle of length at most 2k. This seems to be an extremal example, and motivates the following conjecture, the topic of this paper:
1.2 Conjecture: For every integer k ≥ 1, if G is a bipartite digraph, with n > 0 vertices in each part, and every vertex has out-degree more than n/(k + 1), then G has girth at most 2k.
We show in section 3 that this is implied by the Caccetta-Häggkvist conjecture 1.1. The latter is not known to be true for any k ≥ 3, but there have been many theorems showing that for certain values of k, there exists c such that every non-null digraph G with minimum out-degree at least c|V (G)| has girth at most k, where c is a little bigger than, but close to, the conjectured 1/k. We call these "CH-approximations". There is a curious phenomenon, that a good CH-approximation for some value of k can be enough to imply 1.2 for that value of k. Because of this, we are able to prove 1.2 for a number of values of k:
1.3 For k = 1, 2, 3, 4, 6, and all k ≥ 224, 539, if G is a bipartite digraph, with n > 0 vertices in each part, and every vertex has out-degree more than n/(k + 1), then G has girth at most 2k.
The proof for k = 3 is given in section 6, for k = 4 in section 7, for k ≥ 224, 539 in section 5, and for k = 6 it is sketched in section 8. There is more evidence for 1.2; we will prove:
1.4 For all k ≥ 1, if G is a bipartite digraph, with n > 0 vertices in each part, and every vertex has in-degree and out-degree exactly αn, where α > 1/(k + 1), then G has girth at most 2k.
Second, we examine a conjecture that is stronger than 1.2 (and, indeed, implies 1.1):
1.5 Conjecture: For every integer k ≥ 1, and every pair of reals α, β > 0 with kα + β > 1, if G is a non-null bipartite digraph with bipartition (A, B), where every vertex in A has out-degree at least β|B|, and every vertex in B has out-degree at least α|A|, then G has girth at most 2k.
For each value of k, this (if true) is best possible for infinitely many values of α, β, as we discuss later; for α = β it is equivalent to 1.2, and for β → 0 it implies 1.1. Thus it would be optimistic to hope to prove it for k = 3. It is easy for k = 1, and we will show it holds for k = 2, that is:
1.6 For every pair of reals α, β > 0 with 2α + β > 1, if G is a non-null bipartite digraph with bipartition (A, B), where every vertex in A has out-degree at least β|B|, and every vertex in B has out-degree at least α|A|, then G has girth at most four.
This theorem is the fundamental tool from which everything else in the paper is derived.
Third, we investigate variants of 1.5 for small k. We prove a weakening, which still contains the k = 3 and k = 4 cases of 1.3:
1.7 For k = 3, 4 and every pair of reals α, β > 0 with α + β ≥ 2/(k + 1), if G is a bipartite digraph with bipartition (A, B), where every vertex in A has out-degree at least β|B|, and every vertex in B has out-degree at least α|A|, then G has girth at most 2k.
Preliminaries
Let us fill in the details of a few straightforward things from the previous section. First, to see that 1.5 implies 1.1, suppose H is a counterexample to 1.1. Thus H is a digraph with n > 0 vertices, and for some integer k > 0, every vertex of H has out-degree at least n/k, and H has girth at least k + 1. Let V (H) = {h 1 , . . . , h n }. Take two disjoint sets A = {a 1 , . . . , a n } and B = {b 1 , . . . , b n }, and make a digraph G with vertex set A ∪ B in which a i is adjacent to b i for each i, and for every edge v i v j of H, b i is adjacent to a j in G. Then G has girth at least 2k + 2. Moreover, every vertex in B has at least n/k out-neighbours in A, and every vertex in A has exactly one out-neighbour in B. Now let α = 1/(2n) and β = (1 − α)/k. Then every vertex in B has more than αn out-neighbours in A, and every vertex in A has more than βn out-neighbours in B; and so we have a counterexample to 1.5, for the same value of k.
Let us mention a difference between the Caccetta-Häggkvist question and our bipartite question. The former asks whether minimum out-degree at least c|V (G)| forces girth ≤ k when c = 1/k, and it is known that no smaller value of c is big enough. For our bipartite question, we ask whether minimum out-degree cn forces girth ≤ 2k, where c > 1/(k + 1), and we know that c = 1/(k + 1) is not enough. (The point is, we need the strict inequality, while Caccetta-Häggkvist needs only the non-strict inequality.) This causes a minor difficulty in terminology; for us, the important value is the maximal c that is not "big enough". More on this later.
Let G be a digraph with a bipartition (A, B); if α, β ≥ 0 are reals, we say G is (α, β)-compliant or complies with (α, β) (via the bipartition (A, B)) if G is non-null and every vertex in A has at least β|B| out-neighbours in B and every vertex in B has at least α|A| out-neighbours in A. Given α, β > 0, for which k is it true that every (α, β)-compliant digraph has girth at most 2k? (We denote this by (α, β) → 2k.)
Here is a useful example. Take three integers k, s, t > 0, and let n = k(s + t − 1) + 1. Take two disjoint sets A = {a 1 , . . . , a n } and B = {b 1 , . . . , b n }, and make a digraph G with vertex set A ∪ B in which for 1 ≤ i ≤ n (reading subscripts modulo n):
Then the digraph just constructed complies with
and it is easy to see that it has girth at least 2n/(s + t − 1) > 2k (because starting from a vertex b i and moving along two edges of G brings us to one of b i+1 , . . . , b i+s+t−1 ). Consequently
Not all these statements are needed. For instance, if we set s = 2, t = 3, k = 4, we find that (2/17, 3/17) → 8; and if we set s = 1, t = 1, k = 4 we find that (1/5, 1/5) → 8. The second fact implies the first because (1/5, 1/5) dominates (2/17, 3/17), and in general we only need consider the pairs given by the construction that are maximal under domination. Those pairs turn out to be those with s = 1 or t = 1, that is, the pairs (1/(kt + 1), t/(kt + 1)) and (k/(kt + 1), 1/(kt + 1)) for t ≥ 1, and henceforth we confine our attention to these. Let us fix k = 2. Say (α, β) is good if (α, β) → 4, and bad otherwise. Which pairs are good? The example shows that the pairs (1/(2t + 1), t/(2t + 1)) and (t/(2t + 1), 1/(2t + 1)) for t = 1, 2, . . . are bad, and therefore so are all pairs they dominate. (See figure 1.) All these maximal bad pairs lie on one of the lines α + 2β = 1, 2α + β = 1; and 1.6 says that all pairs outside the border formed by these two lines are good. There are pairs that satisfy α + 2β ≤ 1 and 2α + β ≤ 1 that are not dominated by pairs given by the example, and for most such pairs we do not know whether they are good or bad. With Alex Scott, we proved that all points on the "boundary" are good except for the bad points of the example; and indeed, for every such good boundary point, there is an open disc of good points including it. We also showed that for each bad point on the boundary, the only digraph witnessing the badness of this point is the one we already gave. (We omit the proofs.) For general k, much the same holds, except that for k ≥ 3 we have not proved 1.5. All the pairs given by the construction lie within the border given by the lines α + kβ = 1, kα + β = 1, and the maximal such pairs all lie on one of these lines; and we conjecture that all points (α, β) outside this border satisfy (α, β) → 2k. This is the one of the motivations for 1.5 (the other is that it combines two interesting special cases, when α = β and when β → 0).
Let us return to the second point mentioned above. The pairs (α, β) we need to talk about are those such that every pair (α ′ , β ′ ) that strictly dominates (α, β) satisfies (α ′ , β ′ ) → 2k, where "strictly dominates" means α ′ ≥ α, β ′ ≥ β and α ′ + β ′ > α + β; except this is not quite right. When β = 0, increasing only α will not guarantee any directed cycles at all, so in that case we need to say β ′ > β; and we do not want to ask that both α ′ > α, β ′ > β hold, since that requires too much. Let us say (α, β)
then that captures what we intend. So now we can reformulate 1.1 as "for k ≥ 2, (1/k, 0) 2k"; reformulate 1.3 as "for 1 ≤ k ≤ 4, (1/(k + 1), 1/(k + 1)) 2k"; and reformulate 1.5 as "if k ≥ 1 and α, β ≥ 0 with kα + β = 1, then (α, β)
2k". The following implies the first (k = 1) case of 1.5:
2.1 Let G be a digraph with a bipartition (A, B), with more than |A| · |B| edges. Then G has girth two.
The proof is trivial and we omit it. We will need: For k = 3 this was proved by Hladký, Král' and Norin [2] , and for k = 4 it is due to Liang and Xu [3] . (There is an improvement to δ 3 = 2.9534 claimed by Jan Volec in a lecture [7] , but we do not use this.)
Two results for all k
In this section we prove 1.4, and show that 1.1 implies 1.2. If u, v ∈ V (G) where G is a digraph, we say the G-distance from u to v is the number of edges in the shortest directed path of G from u to v. If v is a vertex of a digraph G, N i (v) denotes the set of all vertices u such that the G-distance from v to u is exactly i, and M i (v) denotes the set of all vertices u such that the G-distance from u to v is exactly i. Let N * i (v) be the union of N j (v) over all j with 1 ≤ j ≤ i and with the same parity as i; thus N * i (v) is a subset of one of A, B, if (A, B) is a bipartition. We define M * i (v) similarly. We need the following, which will be our main tool throughout the paper:
3.1 Let k ≥ 1 be an integer, and let δ > 0 be such that every non-null digraph H with minimum outdegree at least |V (H)|/δ has girth at most k. Let α, β > 0, and let G be an (α, β)-compliant digraph via a bipartition (A, B), with girth more than 2k.
Proof. From the symmetry we may assume that
has an out-neighbour that does not belong to N i (v), and so i ≥ 3 and every vertex in
is adjacent in G from s and to t. Since every vertex in N * i−1 (v) has an out-neighbour in N * i−2 , and every vertex in N * i−2 (v) has at least β|B| out-neighbours in N * i−1 (v), it follows that every vertex of H has out-degree at least β|B| in H. But H has girth more than k, since G has girth more than 2k; and so from the definition of δ, since V (H) = ∅ it follows that in H, some vertex u ∈ V (H) has fewer than |V (H)|/δ out-neighbours in V (H). Thus |V (H)| > βδ|B|. This proves 3.1.
We need a theorem of Shen [5] .
3.2 Let k ≥ 1 be an integer, and let δ = 3k/4; then every non-null digraph H with minimum out-degree at least |V (H)|/δ has girth at most k.
Let us prove 1.4, which we restate:
3.3 Let k ≥ 1 be an integer, let α > 1/(k + 1), and let G be an (α, α)-compliant digraph via a bipartition (A, B), such that every vertex in A has in-degree exactly α|B|, and every vertex in B has in-degree exactly α|A|. Then G has girth at most 2k.
Proof. By replacing every vertex in A by a set of |B| new vertices, and each vertex in B by a set of |A| new vertices, and making each pair of new vertices adjacent if the corresponding pair of old vertices was adjacent, we may assume that |A| = |B| = n say; and so every vertex has in-degree exactly αn and out-degree exactly αn. There is therefore a perfect matching of edges each with tail in A and head in B.
Suppose not and choose i minimum such that this is false. Thus |N * i (v)| < ((i + 1)/2)αn. From the minimality of i, |N * i−2 (v)| ≥ ((i − 1)/2)αn, and so |N i (v)| < αn. Let δ = 3k/4; then by 3.2 and 3.1,
From the symmetry we may assume that v ∈ A, and so N i (v) ⊆ B. Since there is a perfect matching of edges each with tail in A and head in B, and every vertex in N * i−1 (v) is matched into some vertex in N * i (v), it follows that
and so i > 2δ − 1 = 3k/2 − 1, a contradiction. This proves (1).
Let δ = 2. Then every non-null digraph H with minimum out-degree at least |V (H)|/δ has girth at most 2, and now the claim follows as in (1). This proves (2).
If k is odd, then since k ≤ 3k/2 − 1, it follows from (1) that |N * k (v)| ≥ ((k + 1)/2)αn > n/2, for every vertex v; and from 2.1, there are two vertices u, v with u ∈ N * k (v) and v ∈ N * k (u), and so G has girth at most 2k, a contradiction. So we assume that k is even. Let H be the digraph with vertex
We claim that H is (((k + 2)/2)α, (k/2)α)-compliant: if k = 2 this follows from (2), and if k ≥ 4 this follows from (1), since k − 1, k + 1 are odd, and both are at most 3k/2 − 1. Since (k + 2)/2)α + (k/2)α > 1, the truth of 1.5 for k = 1 implies that H has girth two, and so G has girth at most 2k, a contradiction. This proves 1.4.
Next we show another of the claims of the introduction: Proof of 1.3, assuming 1.1.
Let k ≥ 1 be an integer, let α > 1/(k + 1), and let G be an (α, α)-compliant digraph via a bipartition (A, B). We must show that G has girth at most 2k. Suppose not. Since every vertex in B has at least α|A| out-neighbours, by averaging it follows that some vertex v ∈ A has at least α|B| in-neighbours, that is,
are pairwise disjoint, and all disjoint from M 1 (v) since G has girth more than 2k. Consequently not all of them have cardinality at least α|B|, since |M 1 (v)| ≥ α|B| and |B| < (k + 1)α|B|. By 3.1, taking δ = k (this satisfies the requirement of 3.1 by the assumed truth
a contradiction. This proves 1.2.
We remark that the same proof shows the slightly stronger result that, assuming 1.1, (α, β) 2k for every pair α ≥ β ≥ 0 with α + kβ ≥ 1. (Note that this is very different from the conjecture 1.5.)
Girth four
In this section we prove 1.6. We need a lemma, the following:
Proof. Let a = ⌈α|A|⌉ and b = ⌈β|B|⌉. Thus b = 0. By deleting edges we may assume that every vertex in A has out-degree exactly b, and every vertex in B has out-degree exactly a.
We write N i (u) = N i for brevity. Thus |N 1 | = b. There are a|N 1 | = ab edges with tail in N 1 , and they all have head in N 2 . Consequently there are at most b|N 2 | − ab edges from N 2 to N 1 . But there are b|N 2 | edges with tail in N 2 , so at least ab edges from N 2 to N 3 . Hence the sum of the in-degrees of the vertices in N 3 is at least ab; and so v∈N 3 (u) w(v) ≥ ab/(b|A|) ≥ α. This proves (1).
Let us choose v ∈ B at random, choosing each vertex v with probability w(v). The expectation of w(v) is at least 1/|B| by the Cauchy-Schwarz inequality, and the expectation of |M 1 (v)| is b|A| times the expectation of w(v), and so at least b|A|/|B| ≥ β|A|. By (1), the expectation of |M 3 (v)| is at least α|A|; and so the expectation of
We deduce 1.6, which we restate:
4 for every pair of reals α, β ≥ 0 with 2α + β ≥ 1. 
it follows that the sum of the cardinalities of the three sets
, and so some two of these three sets have nonempty intersection, contradicting that G has girth six. This proves 4.2.
For an application later in the paper, we will need a more elaborate version of 1.6, and to prove that we need a lemma:
R + denotes the set of nonnegative real numbers.
(In each case, an expression with a zero denominator also has a zero numerator and should be taken to be zero.)
Proof. Choose p, q, r ≥ 0 satisfying the two constraints, with f (p, q, r) minimum. It follows (by keeping p fixed and considering the effect of a small change in q and r) that either px + q(y − x) = µ and r < q, or q = r (and so r ≤ q in either case). Similarly, by keeping r fixed, it follows that either p − γ = q, or p < γ and q = 0; and by keeping q fixed, either p − γ = r, or p < γ and r = 0, or p − γ > r and px + q(y − x) = µ. Suppose then that px + q(y − x) > µ. It follows that either p < γ and q = r = 0, or p − γ = q = r. We examine these two cases separately. If p < γ and q = r = 0, then we may assume x > 0 (if not the result holds); then p = β/x and so β < xγ; and β > µ; and f (p, q, r) = (β − xγ) 2 /x. If p − γ = q = r, then since px + q(y − x) + r(1 − y) = β, it follows that p = (1 − x)γ + β, and q = r = β − xγ; and consequently β ≥ xγ and yβ + x(1 − y)γ > µ; and f (p, q, r) = (β − xγ) 2 . Now we assume that px+ q(y − x) = µ. Consequently we may assume that y < 1 (if not the result holds); so r = (β − µ)/(1 − y) > 0, and so q = 0 since q ≥ r. Hence p − γ = q, and p − γ ≥ r. Since px + q(y − x) + r(1 − y) = β, we may assume that y = 0, and it follows that p = µ/y + γ(1 − x/y), and q = µ/y − xγ/y; so β ≥ µ ≥ xγ, and yβ + x(1 − y)γ ≤ µ (because p − γ ≥ r); and
In summary then, we have shown (interpreting expressions with zero denominator as zero) that either Thus px + q(y − x) + r(1 − y) = β, and px + q(y − x) ≥ µ. By the Cauchy-Schwarz inequality,
This proves 4.4.
We deduce:
4.5 Let x, y, λ, β, γ, µ ≥ 0, with x ≤ y ≤ 1, and let G be a digraph with a bipartition (A, B) . Suppose the following hold.
• β ≥ xγ and yβ + x(1 − y)γ ≤ µ.
• Every vertex in A has at least β|B| out-neighbours in B.
• There are two subsets R, S of E(G), both consisting of edges of G from B to A. For v ∈ B, we denote by a R (v) and a S (v) the number of edges in R (respectively, S) with tail v; and let a(v) = (a R (v) + a S (v))/(2|A|).
• There is a subset Y ⊆ B with |Y | ≤ y|B|, such that at least µ|A| · |B| edges have head in Y .
• G has girth at least four, and there is no directed cycle in G of length four with an edge in R and a different edge in S.
Proof. We may assume that β, x, y are rational; choose an integer N > 0 such that βN, xN, yN are all integers. Let H be the digraph obtained from G as follows; we replace each vertex v of G by a set N v of N new vertices, and for each edge uv of G we add an edge from each member of N u to each member of N v . Let R ′ , S ′ be the sets of edges of H that arise from edges in R, S respectively. If the result holds for H then it holds for G; and so, replacing G by H if necessary, we may assume that β|B|, x|B|, y|B| are all integers. We may assume that every vertex in A has out-degree exactly β|B|; and (by adding vertices to X, Y ) that |X| = x|B| and |Y | = y|B|. We may assume that every edge from B to A belongs to R ∪ S. For each v ∈ B, let b(v)|A| denote its in-degree. Thus v∈B b(v) = β|B|, since there are β|A| · |B| edges from A to B.
An R-path means a directed path of G such that all its edges with tail in B belong to R; and an S-path is defined similarly. For u ∈ V (G) and i ≥ 1, let N R i (u) be the set of all vertices v such that there is an R-path of length i from u to v, but no shorter R-path; and let
are pairwise disjoint subsets of A, and so the sum of their cardinalities is at most |A|. Summing over all uv, we deduce that 
The result therefore follows from 4.4. This proves 4.5.
Very large k
In this section we prove that 1.2 holds for all sufficiently large k. We use Shen's theorem [4] Proof . Let (A, B) be a bipartition of a digraph G, such that every vertex in A has more than |B|/k out-neighbours in B, and every vertex in B has more than |A|/k out-neighbours in A. We must show that G has girth at most 2k − 2. Suppose not; Inductively we assume the result for all digraphs with fewer vertices. If k is odd,
Let X be the set of all vertices v ∈ B such that a(v) ≤ (k − 1)/(2k). 
Consequently 1/k + 2λ ≤ 1. This proves (1).
Let δ = k − r. From the choice of r, δ satisfies the condition of 3.1.
(2) There exists Y ⊆ A with |Y | ≤ |A|/2 such that at least δ|A| · |B|/k 2 edges have their head in Y . Moreover, if v ∈ X then
• there are at least δ|B|/k vertices in B with distance at most k − 2 from v; and
• a(v) ≥ (k − r − 1)/(2k).
Choose v ∈ X (this is possible by (1)). We claim that there exists j, odd, with k − 3 ≤ j ≤ k − 1, such that |N * j (v)| < (j + 1)|A|/(2k). If k is odd, this is true taking j = k − 2, so we assume that k is even. Then
, and again the claim holds, with j = k − 3 or k − 1.
Choose g ≥ 1, odd, minimal such that |N * g (v)| < (g + 1)|A|/(2k). Thus g ≤ k − 1, and |N * g (v)| < (g + 1)|A|/(2k), and
This proves the first bullet of (2). In particular, |N * g (v)| < a(v)|A| ≤ |A|/2; all the edges with tail in N * g−1 (v) have head in N * g (v), and since |N * g−1 (v)| ≥ δ|B|/k, this proves the first statement of (2) .
It remains to prove the second bullet of (2). We claim that |N i (v)| ≥ |A|/(2k) for all odd i with g ≤ i < k. To see this, let G ′ be the subdigraph induced on N * i−2 (v) ∪ N * i−1 (v). We may assume it is not (α, α)-compliant for any α > 1/k, from the inductive hypothesis, and since
it follows that some vertex in N * i−1 (v) has fewer than |A|/(2k) out-neighbours in N * i−2 (v). Its other out-neighbours all belong to N i (v), and so |N i (v)| ≥ |A|/(2k), as claimed.
We claim that a(v) ≥ (k − r − 1)/(2k). To see this there are two cases, depending on the parity of k. First, suppose k is odd. Since
(because k > 2r + 1), it follows from 3.1 that |N i (v)| ≥ |B|/k for all even i with 1 ≤ i ≤ k − 1. Since N * g−1 (v) is disjoint from the sets N i (v) for all even i with g + 1 ≤ i ≤ k − 1, and there are (k − g)/2 such values of i, it follows that
as claimed, since |N * g−2 (v)| ≥ (g − 1)|A|/(2k), and g ≥ k − 2r. Now we assume k is even. Since
(because k > 2r + 1), it follows from 3.1 that |N i (v)| ≥ |B|/k for all even i with 1 ≤ i ≤ k − 2. Since N * g−1 (v) is disjoint from the sets N i (v) for all even i with g + 1 ≤ i ≤ k − 2, it follows that
In particular, g ≥ k − 1 − 2r. As above, it follows that
not quite what was promised. We can gain the missing 1/(4k) as follows. We may assume that a(v) < (k − r − 1)/(2k), and since |N * k−3 (v)|/|A| ≥ (2k − 2r − 3)/(4k), it follows that
and so by 3.1, |N k (v)| ≥ |B|/k. But then the argument above shows that
that is, g ≥ k + 1 − 2r; and then the estimate for |N * k−3 (v)|/|A| improves by the missing 1/(4k). This proves the claim that a(v) ≥ (k − r − 1)/(2k), and so proves (2) .
Let H be the digraph with vertex set B in which u is adjacent to v if the G-distance from u to v is at most k − 1. Then H has girth at least four. Every vertex in X has out-degree at least δ|B|/k in H; and yet the number of edges of H with tail in X is at most |X| 2 /2 + |X|(|B| − |X|), since H has no directed cycles of length two. Hence |X|δ|B|/k ≤ |X| 2 /2 + |X|(|B| − |X|), that is, |X| ≤ 2(1 − δ/k)|B| ≤ 2r|B|/k. This proves (3).
From (1) and (2) and the symmetry between A and B, there exists Y ⊆ B with |Y | ≤ |B|/2 such that at least δ|A| · |B|/k 2 edges have head in Y . By 4.5, taking λ = (k − r − 1)/(2k), β = 1/k, γ = r/(2k), µ = δ/k 2 , x = 2r/k and y = 1/2, we observe that β ≥ xγ (since k ≥ r(r + 1)) and yβ + x(1 − y)γ ≤ µ. Consequently, from 4.5, we deduce that
which simplifies to k 2 + 2(r + r 2 ) 2 + 2r 2 ≤ k(r 3 /2 + 4r 2 + 4r), a contradiction. This proves 5.2.
Girth six
In this section we prove the case k = 3 of 1.7, that (α, β) 6 if α + β ≥ 1/2; and therefore the case k = 3 of 1.3. Equivalently, we must show: 6.1 (α, β) → 6 for all α, β > 0 with α + β > 1/2.
Proof. Let α, β > 0 with α + β > 1/2, and let G be (α, β)-compliant, via a bipartition (A, B); we will prove that G has girth at most six, by induction on |V (G)|. We assume for a contradiction that G has girth more than six. Thus inductively, for all pairs α ′ , β ′ > 0 with α ′ +β ′ > 1/2, no proper subdigraph of G is (α ′ , β ′ )-compliant. From the symmetry we may assume that α ≥ β. Let δ 3 be as in 2.2.
(1) There exists a real number x with
such that some vertex u ∈ A has in-degree at least 2αx|B|.
and we will show that x satisfies the claim. Since |N 1 (v)| ≥ α|A|, and the four sets 
and from the inductive hypothesis,
Hence
and so (2β − α)|N 2 (v)| ≥ 2αβ|B|, and therefore x ≥ 2αβ/(2β − α). Since there are at least α|A| · |N 2 (v)| edges with tail in N 2 (v), and they all have head in N 1 (v) ∪ N 3 (v), and
(v) has in-degree at least α|A||N 2 (v)|/(|A|/2) = 2αx|B|. This proves (1).
(2) β > 0.219.
From (1) it follows that (2β − α)(1 − β)|B| ≥ 2αβ|B|, and so since α > 1/2 − β, it follows that (3β − 1/2)(1 − β) ≥ (1 − 2β)β and so β > 0.219. This proves (2) .
By (1), there exists u ∈ A with in-degree at least 2αx|B|.
Since the sets N 1 (u) ∪ N 3 (u) ∪ N 5 (u) and M 1 (u) are disjoint, and |M 1 (u)| ≥ 2αx|B|, it follows that
Thus it suffices to show that 1 − (1 − 2β)x < βδ 3 , that is, x > (1 − βδ 3 )/(1 − 2β). Now from (1), x ≥ βδ 3 , so we may assume that (1 − βδ 3 )/(1 − 2β) > βδ 3 , and so β < 0.223; and hence 0.219 < β < 0.223 from (2) . On the other hand, the second lower bound from (1) tells us that Since β > 0.242 and α + β ≥ 1/2 it follows that αβ ≥ 0.0624, and so 
Girth eight
Now we prove the remaining part of 1.7, namely that (α, β) 8 for every pair α, β ≥ 0 with α + β ≥ 2/5. The method is much the same as that for 6.1; we prove that some vertex v ∈ A has big in-degree, and then work with the cardinalities of the various sets N i (v), using 3.1 and induction on |V (G)|. One difficulty is that now we have to use δ 4 rather than δ 3 , and the value given for δ 4 seems to be further (in some vague sense) from the conjectured 4 than δ 3 is from 3.
We will prove:
7.1 For all α, β > 0 with α + β > 2/5, every (α, β)-compliant digraph has girth at most eight.
Proof. Let G be a digraph that is (α, β)-compliant via a bipartition (A, B) , where α, β > 0 and α + β > 2/5, and suppose that G has girth at least ten. Inductively, we may assume that for all
From the symmetry we may assume that α ≥ β, and (by reducing α, β) that β ≤ 1/5.
(1) Every vertex in A has in-degree at most (1 − βδ 4 )|B|.
Let x = 1 − βδ 4 , and suppose some vertex v ∈ A has in-degree more than x|B|. Since x + βδ 4 = 1, the union of N 1 (v), N 3 (v), N 5 (v) and N 7 (v) has cardinality less than β|B|δ 4 ; and so by 3.1, each of N 2 (v), N 4 (v), N 6 (v), N 8 (v) has cardinality at least α|A|. In particular, the union of N 2 (v) and N 4 (v) has cardinality at most |A|(1 − 2α) < αδ 4 |A|, and so by 3.1, 
from the inductive hypothesis. But x + y + 3β ≤ 1, so
Since α + β > 2/5, this implies x < β/5 + 9/(3 + 5β) − 2, a contradiction, since x = 1 − βδ 4 > β/5 + 9/(3 + 5β) − 2 for all β with 0 ≤ β ≤ 1/5. This proves (1).
(2) Let z = (2/5 − β)(3/5
Let v ∈ B, and let |N 1 (v) ∪ N 3 (v)| = w|A|. We need to show that w ≥ z, so we may assume that w ≤ 2α. Hence by 3.1, |N 4 (v)| ≥ β|B|, and so
This proves (2).
( This proves (4). This proves (5) .
Since y = (5β/(3 + 5β) + 3β/5), it follows from (3) that y ≥ 0.32; and since z = (2/5 − β)(3/5 + 1/(1 − β)), it follows from (3) that z ≥ 0.38. Consequently
x ≥ x ′ = β(δ 4 + 1) − 1/2 β(δ 4 + 1) − 0.32 .
Let us apply 4.5 to the digraph H of (3) above. By (2), (4) and (5) 
Girth twelve
There is one other claim of the introduction that is not yet proved, that (1/7, 1/7) 12. We do not give the proof in full because it contains no new ideas; here is a sketch.
First, show that every non-null digraph with minimum out-degree |V (H)|/δ has girth at most six, where δ = 5.219; this follows from the result of 2.2 that δ 3 = 2.886. Now let G be a digraph with a bipartition (A, B) , where every vertex in A has more than |B|/7 out-neighbours in B and vice versa. By 1.6, there is a vertex u ∈ A with |N 1 (u) ∪ N 3 (u) ∪ N 5 (u)| of cardinality at most 3|B|/7. By 3.1, |N 2 (u) ∪ N 4 (u)| > δ|A|/7. Consequently there are a disproportionate number of edges entering N 1 (u) ∪ N 3 (u) ∪ N 5 (v), and we can apply 4.5 (taking x = 0). We deduce that there is a vertex u ∈ A with |N 1 (u)∪N 3 (u)∪N 5 (u)| ≤ .3993|B|, and consequently there is a vertex v ∈ B of in-degree at least .2667|A|. Now .2667 > 1 − δ/7, and so by 3.1, the sets N 2 (v), N 4 (v), N 6 (v), N 8 (v), N 10 (v), N 12 (v) all have cardinality at least |B|/7. So N 2 (v) ∪ N 4 (v) ∪ N 6 (v) ∪ N 8 (v) has cardinality less than δ|B|/7, and so N 3 (v), N 5 (v), N 7 (v), N 9 (v) all have cardinality at least |A|/7. Now let A ′ be the union of N 3 (v), N 5 (v), N 7 (v), N 9 (v), and B ′ the union of N 2 (v), N 4 (v), N 6 (v), N 8 (v), N 10 (v); every vertex in A ′ is adjacent to more than |B ′ |/7 vertices in B ′ and vice versa, so we can apply induction to this subgraph. This completes the sketch.
